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1. 1NTRoDucT10~ 
Let Q be the field of rational numbers, p a prime number, and Q, the 
completion of Q with respect to the p-adic valuation 1 IP defined on Q by 
101, =0 and [Air, = pPa if A=p”r/swherepjr,pjs. (1.1) 
Then QP is the field of p-adic numbers with p-adic valuation 1 IP, the 
extension of the original valuation on Q, which has the properties 
lAlp>OwithIAI,=OiffA=O, WI, = Mp . IBlp, 
and (1.2) 
IA + BI, d max(lAl,, 14,) with equality when IAlp f IBIP. 
* AMS (1980) classification numbers: lOF45, 12B40. 
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It is familiar that the above non-archimedean valuation leads to an 
ultrametric distance function p on Q,, with p(A, B) = IA - BI,, making Q, 
into a complete metric space with respect to p. As is common, we define the 
order v(A) of A by lAlp = pdvtA) and set v(0) = + co. Then 
v(AB)=v(A)+v(B), v  g 
0 
= v(A) - v(B) if BZO, 
and (1.3) 
V(A + B) > min(v(d), v(B)) with equality when v(A) # v(B). 
It is well known that every A E Q, has a unique series representation A = 
c,“= v(Aj c, p”, 0 6 C, < p - 1. In the discussion below we call the finite series 
(A)=C ,,,Aj GnC,, c, p” the fractional part of A. Then (A) E S, where we 
define S, = { (A): A E Q,} c Q. This set S, is multiplicatively but not 
additively closed. The function (A) has been used in the study of certain 
types of p-adic continued fractions by Mahler [2], Ruban [6], and 
Laohakosol [ 1 ] in particular. 
In this paper this “fractional part” function will be used to derive the 
following main results on series expansions of, and rational approximations 
to, elements of Q,: 
THEOREM 1.4 (“Sylvester-type”). Every A E Q, has a finite or convergent 
(relative to p) series expansion of the form A = a, + C,“= I (l/a,) where 
a,, ES~, a, = (A), and 
v(a,) d 1 - 2”, v(4z+,)6w41-1 (n > 1). 
This series is unique for A subject to the preceding “digit” conditions on 
a,, ESp. In addition, tfa, + l/a, + ... + l/a, =p,,/q,,, q, =a,a, . ..a., then 
1 
Pn+ llq,lp’ 
THEOREM 1.5 (“Engel-type”). Every A E Qt, has a finite or convergent 
(relative to p) series expansion of the form A = a, + C;=, (l/a,a, . a,,), 
where a, ES,, a, = (A), and ~(a,) < -n, ~(a,, 1) < ~(a,) - 1 (n > 1). This 
series is unique for A subject the preceding digit conditions. In addition, tf 
1 1 1 
a, +-+ -+ . . + P?I =- 
0, 
, qn =a,a, . ..a., 
ala2 ala2 . ..a. qn 
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then 
(n+l)(n+2) 
2 
THEOREM 1.6 (“Liiroth-type”). Every A E Qp has a finite or convergent 
(relative to ,a) series expansion of the form 
A=a,++i+ 2 
1 
n=za,(a, - l)...a,-l(a,p, - l)a,’ 
where a,, E S,, a,, = (A), and v(a,) < - 1 for n > 1. This series is unique for 
A subject to the preceding digit conditions. Zf the sequence of digits a, is 
finite or eventually becomes periodic then A E Q. In addition, if 
a,+:+ i 
1 P” 
,=,a,(a, -l)...a,+,(a,-, -l)a,=z’ 
qn =a,(a, - l)...a,-,(a,-, -l)a,, 
then 
= -v(q,+,)a%z+ 1 
The names given in parentheses to the above theorems were chosen 
because the results in question bear a close analogy to quite classical ones 
concerning the expansions of arbitrary real numbers into certain 
“Sylvester, ” “Engel,” and “Liiroth” series with rational terms, discussed in 
Perron 14, Chap. IV]. We also note briefly below that a similar type of 
theorem for modified Engel-type expansions of elements of Qp can also be 
developed, which in turn is analogous to a theorem on “modified-Engel” 
series for real numbers sketched partly by Renyi [S]. It is also interesting 
to compare the above theorems with those on p-adic continued fraction 
expansions developed by Ruban [6] and Laohakosol [ 1 ] in particular. 
In comparing the above three main theorems themselves, it is worth 
noting that the degrees of simplicity of the three expansions are in a sense 
inversely proportional to the complexities of the corresponding “digit” 
conditions: simpler representations must be “paid” for by more involved 
digit conditions, or vice versa. A similar comment could be made about 
the above-mentioned representations of real numbers. In any case, these 
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three new representations for p-adic numbers provide partial alternatives to 
continued fractions, which seem to possess some independent merit. 
In the final section, a few remarks are made about extensions to a 
general complete non-archimedean field with a discrete valuation. 
2. A GENERAL ALGORITHM, CONVERGENCE, AND APPROXIMATION 
We shall combine our approach to Theorems 1.4 to 1.6 with the aid of a 
general algorithm, which is partly analogous to one introduced by 
Oppenheim [3] in order to reprove and extend the results on real series 
referred to earlier. 
Given any A E Q, note that (A ) = a, E S, iff v(A - a,) 3 1. Then define 
A, = A -a, where a, = (A). If A, # 0 (n > 1) is already defined, then let 
a, = (l/An) and put A,+1 = (A, - l/a,)s,/r, if a, #O, where r,, s, are 
non-zero rational numbers which may depend on a,, . . . . a,. Then 
A=a,+A, =a, +;+?A*= ... 
1 rl 1 =a,+-+--+ + rl ...rn-l ei+u,AA.+,. 
a1 s1 a2 s, “‘Snp, a, s, “‘S, 
This process ends if A,, = 0 or a, = 0, and we note that 
1 
A, #O*v A = -v(A,)G -1 =~-a, ~0, 
i > 
(2.1) 
I 
In addition A, # 0 Z- v(a,A, - 1) 2 v(A,) + 1, since 
A, iO*f=a, + c c;pr, say, al =a,A, + A, 1 c;p’ 
n r>l I.21 
+ v(a,A, - l)=v(A, 1 c;p’)>v(A,)+ 1. (2.2) 
r>l 
Now consider convergence of the above “Oppenheim-type” algorithm 
relative to the metric p on Q, subject to some special choices for r,,, s,: 
Sylvester-type case. Let r, = s, = 1 (n 3 1). Here A = a, + l/a, + ... + 
l/a, +A,+, and An+, = A, - l/a, = (a,A, - 1)/a,. Thus, if A, #O and 
a, # 0, then (2.2) implies that 
v(An + 1 )>v(A.)+ 1 -v(a,)=2v(A,)+ 1 
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By induction, if A, # 0 and a, # 0 (r < n), (2.1) and this lead to 
v(A,+,)>2v(A,)+ 12 ... 22”+‘- 1. (2.3) 
If An+1 #O, it then follows that v(l/A,+,)< 1 -2”+l <O. Thus a,,, #O 
and 
v(a,+,)d2v(a,)-1~1-2”+‘. (2.4) 
Starting the induction with (2.1), if the process does not terminate, then 
(2.3) implies that A,, I -+ 0 relative to p. Hence A = a, +C,“‘=, (l/a,) 
relative to p. If a, + l/a, + ... + l/a, =pn/q,,, qn =u1u2 . ..a.,, (2.4) also 
gives 
= -v(u,+,)>2”+‘-1. 
Also 
I I A-h =IA.+llp= 1 I I .IA,I,< l/A I nP 4 “P un -A, p b”lP ‘P bnlP 
since a, = ( l/A,) implies ~(a,, - l/A,,) 3 1. Assuming that ]A, Ip 6 
UP” l4n 1 lP’ it then follows that 
1 1 
lqn-,lp bnlp = pn+l lqnlp’ 
Hence the approximation statements of Theorem 1.4 also follow with the 
aid of induction. 
Engel-type case. Let rn = 1, s, = a, (n 3 1). 
A=u,+l+ 
1 1 A -+ . . . +- + 
n+l -, 
0, ala2 a, . ..a. a, . ..a. 
and A,+, =a,~, - 1 (n> 1). If A, #O and a, #O (r<n), (2.1) and (2.2) 
imply inductively that 
v(A,+ I )>,~(A,)+12 . ..bn+l. (2.5) 
If An+, #O, it then follows that v(l/A,+,)< -n-l <O. Thus unfl #O 
and 
v(u,+,)dv(u,)- l< -n- 1. (2.6 1 
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Beginning the induction with (2.1), if the process does not terminate, then 
(2.5) and (2.6) imply that 
A n+l 
V- ( > a, . ..a. >(n+1)+(1+2+ ‘.. ++(nfl:(n+2). 
Hence the Engel-type series converges to A relative to p, and 
(A-fj=v(+-k) 
= -(v(a,)+ ... +v(a,+,))= -v(q,+,), 
where 
a,+&---=- 1 Pn 
j-=1 a1 .‘. 4 qn’ 
qn =a,a2 . ..a.. 
Since qn+ 1 = a,+ 14n7 and (2.6) holds, the approximation statements of 
Theorem 1.5 now follow also. 
Liiroth-type case. Let r,, = 1, S, =a,(a, - 1) (n > 1). Here A,,, = 
(a,A, - l)(a, -l), and (2.2) implies that v(A,+,)>v(A,)+ 1 +~(a, - 1). 
If A,, #O and v(A,)a 1, it then follows that ~(a,)= -v(A.)< -1. Then 
v(a,) = v(a, - l), and v(A,+ ,) > v(A,) + 1 + v(a,) = 1. By induction, if the 
process does not stop, we now obtain 
A 
Ul(U, - 1) .n.~~n(a, - 1) > 
=v(A,+,)-2(v(a,)+ ... +~(a,,))> 1 +2n. 
Further, if p,/q, is defined as in Theorem 1.6, it then follows that 
=v(A,+,)+v(a,+,)-v(q,+,) 
= -v(q,)-v(a,)-v(a,+,), 
giving the other approximation statement of Theorem 1.6 also. 
Modified En&-type case. Let r, = 1, S, = a, - 1 (n > 1 ). This choice of 
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r,,, s, leads to a theorem with assertions similar to those in Theorem 1.5, 
except that now 
A=ao+i+ f 1 
n=2 (a, - l)...(a,-, -l)a, 
and pn, q,, must be suitably redefined. Further details are omitted. 
An application of the above “Oppenheim-type” algorithm to a product 
representation for p-adic numbers with constant term 1 will be treated 
elsewhere. 
3. UNIQUENESS OF EXPANSIONS 
We now establish the uniqueness of the “digits” a, ES, for the expan- 
sions in Theorems 1.4 to 1.6, subject to the respective digit conditions given 
in these theorems. 
Sylvester-type case. 
LEMMA 3.1. Any series En> i (l/b,) with b, ES,, v(b,)< 1 -2”, 
v(b,+,)<2v(b,)- 1, converges to an element B’E Q, such that v(B’) = 
-v(b,)> 1. Since B’#O, b, = (l/B’). 
Proof. Since -v(b,)> 2”- 1, l/b, + 0 as n + co, relative to 1 IP, and 
hence the series converges to an element B’ E Q,. Then B’ = lim,, oo CN, 
where EN =C,“= i (l/b,), and v(&)= v(l/b,) by (1.3). By continuity of 
1 IP and hence v, it follows that v(B’) = v( l/b,) also. 
By multiplying and dividing across, since B’ # 0 we now get 
b, =;+; 1 f 
II>2 n 
and so, if b, #l/B’, v(b, - l/B’)=v(b,)-v(B’)+v(l/b,)=2v(b,)- 
v(b*) > 1. Hence b, = (l/B’). 
Now suppose that A E QP has expansions 
A=a,+ 1 +=a;,+ c -$ 
n>l n n>l n 
subject to digit conditions for a,, a; as in Theorem 1.4. Then a, = 
4 = (A), and A, =Cnal (I/u,)=C,,~~ (l/a;). If Ai #O, then Lemma3.1 
implies that a, =a’, = (l/A,) and so A, =CnaZ (l/a,)=Cna2 (l/al). In 
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the same way, if A, #O then a2 = a; = (l/A,), and successively we find 
that a, = a; for all n 3 1. Thus the Sylvester-type expansion is unique. 
Engel- type case. 
LEMMA 3.2. Any series Cna 1 (l/b, b, . ‘6,) with b, E S,, v(b,) 6 -n, 
v(b,+,)<v(b,)- 1, converges to an element B’eQp such that v(B’)= 
-v(b,)> 1. Since B’ZO, b, = (l/B’). 
Proof: As before, the series converges to an element B’ E Q, because 
its nth term l/b,b, . ..b., -+ 0 as n + co, relative to p (because here the 
order of this term is not less than 1 +2+ ... +n). Now B’=lim,,, IN, 
where EN = C,“=, (l/b, ... b,) and as before v(B’) = v(CN) = 
min(v( l/b,), . . . . v( l/b, . bN)) = v( l/b,). Since B’ # 0, we now get 
6, =$+; f 
1 1’1 -.-=-+L f ~ 
n=2 b, ... 6, B’ B’ n=2 b, . ..b.’ 
and so, if 6, # l/B’, v(b, - l/B’)= -v(B’)+ v(l/b,) = v(b,)-v(b,)a 1. 
Hence b, = (l/B’). As before, we may now successively derive the 
uniqueness of the Engel-type digits for any given A E Q,. 
Liiroth-type case. A similar lemma and further deduction, with minor 
changes in detail, lead to uniqueness of the Liiroth-type expansion of any 
given A E Q,,. 
4. REMARKS ON EXPANSIONS FOR RATIONAL NUMBERS 
We note that there remains the possibly interesting problem of charac- 
terizing the types of series in Theorems 1.4 to 1.6 above which correspond 
to rational numbers A E Q,. In the analogous case of the p-adic continued 
fractions studied by Ruban [6] and Laohakosol [ 11, rational numbers are 
characterized by finite or certain periodic continued fractions. In the case of 
the series of Theorems 1.4 to 1.6, clearly finite expansions correspond to 
rational numbers. 
We show below that periodic series in the Ltiroth case also correspond 
to rational numbers. The growth conditions for the digits in both 
Theorems 1.4 and 1.5 rule out the possibility of periodic series in these 
cases. However, there remains the possibility in all three cases of there 
being rational numbers with non-periodic infinite series expansions. 
Suppose that A has an infinite sequence of Liiroth-type digits which 
eventually becomes periodic, with a,, = a, +, for n < m, say. Define p,/q, as 
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in Theorem 1.6, and let b, =a,(~, - l)...a+,(~,~, - l), and b= 
b,+,/b,. Then by periodicity (with 1 = b,, a, = PO/q0 if m = 1) 
A-Pm-l 1 l 1 
qm-1 b, I( 
‘+ + . 
a, ~,(a, --l)am+, 
1 
+ 
%(% - l)~~~%l+,-,(%+r-, - lh?7+r- I > 
1 1 
( 
1 
+z nrr,+u,(u, - lk,, 
+ . 
1 
+ 
%l(% -l)...%+, Z(%+r-Z - lhltr-, > 
1 1 1 
+2 n,,+u,,(u,, ( qu,+,+ ... + ... > I 
Pm-l c =-+c 1+;+++ .‘. 
qm-1 m ! > 
) say. 
Now 1 + l/b + l/b’ $ ... = b/(b - 1) relative to p. Thus A E Q. 
5. SERIES IN ARBITRARY DISCRETE-VALUED NON-ARCHIMEADEAN FIELDS 
Let (K, 1 1) represent a general complete non-archimedean valued field, 
relative to a discrete valuation 1 I. Let K ’ = {A E K, A # 0} and 
IK”l = (IAl: AEK~}. Then (see, e.g., Schikhof [7]) there is an element 
neK such that I~]=rnaxIK~In(O,l), and IK”(={~z~“:~EZ}. The 
element 7~ of K plays a role similar to that of p in Q,. In fact, if k is the 
residue clussfield k={AEK: IA/<~}/{AEK: IAl<l}, and R denotes 
a full set of representatives (including 0) for k in K, then every A E K 
has a unique series representation A = c,“= in u,rcj (some n E N, uj E R). 
Following the previous lines, we may then define thefructionulpurt of A in 
K and use it to develop series expansions for A over K which are closely 
analogous to those considered earlier over Q,. A special case of such 
analogues, of relevance to complex analysis, will be treated by us more 
fully elsewhere. 
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